Abstract. In this paper, we define generalized Fourier-Hermite functionals on a function space
Introduction
Let C 0 [0, T ] denote one-parameter Wiener space, that is the space of realvalued continuous function x on [0, T ] with x(0) = 0. The concept of the Fourier-Wiener transforms was introduced by Cameron and Martin in [2] . In [3] , the authors defined a modified Fourier-Wiener transform and gave various relationships for the modified Fourier-Wiener transform of functionals in L 2 (C 0 [0, T ]). For these works, in [4] , using the Wiener measure on C 0 [0, T ] and completeness properties of the Hermite polynomials on R, they introduced a complete orthonormal set in L 2 (C 0 The function space C a,b [0, T ] induced by generalized Brownian motion was introduced by J. Yea in [16] and was used extensively by Chang and Chung [7] . In this paper, we extend the results of [1] [2] [3] [4] to a very general function space C a,b [0, T ] rather than the Wiener space C 0 [0, T ]. The Wiener process used in [1] [2] [3] [4] [5] [6] 10] is stationary in time and is free of drift while the stochastic process used in this paper as well as in [7] [8] [9] , in nonstationary in time, is subject to a drift a(t), and can be used to explain the position of the Ornstein-Uhlenbeck process in an external force field [14] . 
Definitions and preliminaries
Let D = [0, T ] and let (Ω, B, P ) be a probability measure space. A realvalued stochastic process Y on (Ω, B, P ) and D is called a generalized Brownian motion process if Y (0, ω)=0 almost everywhere and for 0 = t 0 < t 1 < · · · < t n ≤ T , the n-dimensional random vector (Y (t 1 , ω) , . . . , Y (t n , ω)) is normally distributed with density function (2. 
-measurable for all ρ > 0, and a scale-invariant measurable set N is said to be a scale-invariant null set provided µ(ρN ) = 0 for all ρ > 0. A property that holds except on a scale-invariant null set is said to hold scaleinvariant almost everywhere(s-a.e.). If two functionals F and G are equal scale-invariant almost everywhere, we write F ≈ G.
Let L 
where |a|(t) denotes the total variation of the function a on the interval [0, t]. 
since the two norms || · || 0,b and || · || 2 are equivalent.
be a complete orthonormal set of real-valued functions of bounded variation on [0, T ] such that ( We denote the function space integral of a B(
whenever the integral exists.
In this section, we define generalized normalizing Hermite functions. We use them to obtain a complete orthonormal set in L 2 (R) and L 2 (R n ). of degree m by (3.1)
For examples, we see that
We note that for each m = 0, 1, . . . and t ∈ [0, T ], 
and so
Lemma 3.2. For any nonnegative integers m and k,
By using this above, we obtain that
By using integration by parts formulas, we obtain that
Continuing on this manner, we obtain that
2) above,
which completes the proof of Lemma 3.2.
We are ready to define generalized Hermite functions and a sequence of generalized normalizing Hermite functions {K m } ∞ m=0 which is a complete orthonormal set in L 2 (R). 
and we define a generalized normalizing Hermite function of degree m by
Now, we are ready to obtain a complete orthonormal set in L 2 (R).
Proof. By using equation (3.3) above, it immediately follows that for all nonnegative integers k and m,
It suffices to show that f = 0 a.e.. Let
(R) and so the Fourier transform
F | R is the inverse Fourier transform of g. Thus if F (z) ≡ 0, then by uniqueness of the inverse Fourier transform, g = 0 and so f = 0 a.e. on R.
Since F is an entire function, we can write
and F (n) (0) = 0 and hence b n = 0 for all n and so F (z) = 0.
where K m j (u j ; t) is given by equation (3.4) above.
In our next theorem, we also give a complete orthonormal set in L 2 (R n ).
Theorem 3.7. The set of generalized normalizing Hermite functions
Proof. By using Theorem 3.4 and the fact that the set of functions of the
, we obtain the desired result.
, the generalized Hermite coefficient of g with respect to the complete orthonormal set {K (m1,...,mn) } ∞ m 1 ,...,m n =0 is defined by the formula
Remark 3.9. By Theorem 3.7, it follows that
that is to say that
In this section, we define the generalized Fourier-Hermite coefficient and the generalized Fourier-Hermite functionals. We then obtain a complete orthonormal set in
The following notations are used throughout this paper:
where
We note that for each j = 1, 2, . . .,
while A j may be positive, negative or zero. We also note that if a(t) ≡ 0 on [0, T ], then A j = 0 and B j = 1 for each j = 1, 2, . . ..
The following integration formula used several times throughout this paper:
in the sense that if either side exists, both sides exist and equality holds. Using formula (4.3) we observe that 
and we define a generalized normalizing Hermite polynomial bỹ
where A j and B j are as in equations (4.1) and (4.2) above respectively. 
Proof. By using formula (4.3) above, it follows that
In order to show that the set of functionals M in Theorem 4.3 is complete we will show that every functional F in L 2 (C a,b [0, T ]) has a generalized FourierHermite series expansion in terms of the functionals in M.
Theorem 4.6. Let L be the set of all functionals F which has the form
Proof. By the usual Lebesgue argument, it suffices to show that the characteristic functional can be represented by linear combination of elements of L.
For given ε > 0 and j = 1, . . . , n, define a trapezoid function Z j, by
Then we write that
Thus we obtain that
is an element of L. Hence we complete the proof as desired. .7) may be increased beyond n without changing the sum. Hence we may take N > n subscripts in (4.7) and thus for any F given by (4.6), 
as N → ∞ and (4.11)
is called the generalized Fourier-Hermite series expansion of F .
The generalized Fourier-Wiener function space transforms
In this section we obtain a formula for the generalized Fourier-Wiener function space transform of the generalized Fourier-Hermite function. We then proceed to obtain formula for the generalized Fourier-Wiener function space 
if it exists.
Remark 5.2. When a(t) ≡ 0 and b(t) = t on [0, T ], the generalized Fourier-
Wiener function space transform is the modified Fourier-Wiener transform introduced by Cameron and Martin in [3] .
Throughout this paper, in order to ensure that various integrals exist, we will assume that β = c + id is a nonzero complex number satisfying the inequality
We note that Re(1 − β 
The following lemma plays a key role in finding the generalized integral transform of functionals given by equation (4.4).
Lemma 5.3. Let β = c + id be a nonzero complex number with β = ±1, satisfying inequality (5.2) and let γ = 1 − β 2 . Then for λ ∈ R, n = 0, 1, 2, . . ., and j = 1, 2, . . .,
Proof. SinceH j n (u) is a polynomial of degree n, B j > 0 and Re(γ 2 ) > 0, the integral in (5.3) exists and
Next, integrating by parts n times, we obtain that
which is complete the proof of Lemma 5.3. 
Proof. Using equation (5.1), formula (4.3), equation (5.3) with λ = α j , y and n = m j , it follows that
Next, applying Lemma 5.5 N times, we obtain a formula for generalized Fourier-Wiener function space transform of the generalized Fourier-Hermite functionals Φ (m1,...,m N ) .
Theorem 5.6. Let N be a positive integer, for each j = 1, . . . , N , let m j be a nonnegative integer, and let 
In 
) be given and let (4.11) be its FourierHermite series expansion with F N defined by (4.9) satisfying condition (4.10). Then we define the generalized Fourier-Wiener function space transform
if it exists; that is to say if
The following theorem is one of our main results. 
Furthermore if (5.9) holds, then the generalized Fourier-Hermite series expansion of F √ 2,i (F ) is given by 
